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RECURSION FORMULAS FOR H;—-H~
HORN HYPERGEOMETRIC FUNCTIONS

Sarasvati Yadav and Geeta Rani

ABSTRACT. We derive the recursion formulas for Horn hypergeometric func-
tions Hi to H7. These recursion formulas help us write these functions as a
combination of themselves.

Introduction

The Horn functions initially enumerated by Jakob Horn in 1931. They were
corrected by Borngasser in 1933. These functions are 34 distinct convergent hy-
pergeometric series of order two out of which 14 are complete series and 20 are
confluent series. The importance of Horn functions is supported by their basic role
in Complexity theory.

Recently, Opps et al. [I] have obtained some recursion formulas for F» by the
contiguous relation of the Gauss hypergeometric series o F;, and then applied the
relations to the radiation field problem. In [6], Wang has established recursion
formulas for Appell hypergeometric functions and in [3], Sahin and Agha have
obtained recursion formulas for G; and G5. Also recursion is one of the central
ideas of computer science.

Here we construct various recursion formulas for Horn hypergeometric functions
H,-H;.

The Horn hypergeometric functions [4l[5] H1—H; are defined as follows:

Hl(a,ﬁ,w;&w,y) _ Z (a)m—n((f))m-i-n(’Y)n %%,
m,n=0 m C
= m—n m n o nx"y"
HQ(Q;/Ba’Yv(S;e;:va) = Z (a) (Z)) (,Y) ( ) %%7
m,n=0 m T
o= S (@zmin Bz y"
H3(aaﬁ777 z, y) - m;:() (’Y)ern m! n! ’
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S (O‘)?ern(ﬂ)n ™ y"
Hy(a, B3, 052,y) = Ty
Hs(a, B;v;x,y) = Z %%%’
m,n=0 n ''n!
Hﬁ(avﬂvv;zay) - Z (O‘)men(ﬂ)nfm(’}/)nﬁm,
m,n=0 . .
Hr(o, B,7:60,9) = > (a)Qm(g)(ﬂ)"(V)"%%.
m,n=0 m < fe

We recall that Gamma function is defined in [2] by
I'(n) :/ t"te~tdt, Re(n) >0,
0

and the Pochhammer symbol ()),, is given by

F'(A+n)

_ =1,2,...
F(A) ) n ) )

Here we give seven sections to present the recursion formulas of Horn hypergeo-

metric functions H1—H7 with all parameters.

(Mo:=1 and (A)p:=AA+1)...(A+n—-1)=

1. Recursion formulas of H;

THEOREM 1.1. Recursion formulas for the function Hy are as follows:

(11) Hl(a'i_laﬁa’yaéwray):Hl(aaﬁv’y’éwray)

l
zp
+7;H1<a+k:,6+1,v;6+ Li2,y)

l
_y672(3_a_k)—QHl(a_2+kaB+1a’y+1767$5y)3
k=1

(1.2) Hi(a—1,8,7v:0;2,y) = Hi(o, B,7;6;2,y)

-1
zf

-1

+ypyY B—a+k) o Hila—2—kB+1,v+1;5z,y).
k=0

ProOOF. From the definition of the function H; and transformation
m n
1 m—-n — m—n(l - — _)
@+ D = (@ (142 = 2
we can get the following relation:
(1.3)  Hila+1,8,v62,y) = Hi(a, 8,7;6;2,y)
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T
+ TﬂHl(aJr LB+1v0+1z,y)
- 957(2 - a)—2 Hl(a - 1)6 + 13/7 + 1767$5y)
By applying this relation to function H; with the parameter a+2, we have

Hi(a+2,8,v:62,y) = Hi(a+ 1, 8,76 2,y) + %Hl(a+27ﬁ+ Ly +1;2,y)
—yBy(1 —a)—2 Hi(a, B+ 1,7+ 1;6;2,9)

= Hi(a, 8,7; 052, y) + %[Hl(a+17ﬁ+1m6+ Liz,y)+ Hi(a+2,8+1,7,0+1;2,y)]
—yBY[(2— )2 Hi(a = 1,8+ 1, v+ L;8z,y)+ (1 —a)—2 Hi(a, B+ 1,7+ 1;6; 2, )]

If we compute the function H; with the parameter o + [ by relation (3] for [
times, we find the formula given by (I).
Replacing a by a-1 in the relation (L3), we get

Hl(Oé — 1,6,’}/;5;$,y) = Hl(Oé,BaV;(S;ian)

— %H1(a,ﬂ+ Lo+ 1Lz,y)
+yBy(3 —a)—a Hi(a — 2,8+ 1,7+ 1;6;2,y).

If we apply this relation to the function H; with the parameter oo — [ for [ times,
we obtain the recursion formula (L2) similar to the proof of formula (LIJ). O

THEOREM 1.2. For the function Hy, we have

Hl(%ﬁ"’h%&%?}) = Hl(aaﬁa’y;é;x’y)

l
T
+7;Hl(a+l,ﬂ+k,7;5+l;z,y)

l
+yv(e) 1Y Hi(e—1,8+k~+1;62,y),
k=1

Hi(o, 8= 1,v:052,y) = Hi(o, B,7; 65 2,y)

-1
T
-5 E Hi(a+1,8—k,v;6+1;2,y)
k=0

-1
—yy(a)-1 Y Hi(a—1,8—kv+1;8m,y),
k=0

Hy(a, B,y + 1;6;2,y) = Hi(o, B,7: 052, 9)
!

+yBle) 1 Y Hila—1,8+1,7+k; 6 2,y),
k=1

Hl(aaﬁa’y_l;é;xay) = Hl(aaﬁa’y;é;xay)
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-1
—yB(a)-1 > Hi(a— 1,8+ 1,y —k;d;2,y),
k=0
Hl(Oé,B,'Y;(S - l,.’I],y) = Hl(aaﬁv’y;é;way)
-1
+zaBY (2-0+k) oHi(a+1,8+1,%6+1—kx,y).
k=0

Now, we present the recursion formulas for other Horn hypergeometric func-
tions. We omit the proof of the given below theorems.

2. Recursion formulas of Ho

In this section we will present the recursion formulas of Horn hypergeometric
function H, as follows:

THEOREM 2.1.

HQ(O(-FZ,ﬁ,’Y,é;G;ZE,y) = HQ(OGB/Y’(S;G;%?J)

l
s
+TB E Hy(a+k,B4+1,7,0;e+ 1;2,y)
k=1

l
—y’Y(SZ(?)_Oé_IC)_QHQ(OC_2+k,ﬁ,’y+1,6+1,67$,y),
k=1

HQ(Q - l,ﬂ,’y,5;e;z,y) = HQ(O&,,B,’Y,5;€;SC,y>

-1
- :C/B ZHQ(O[*k,ﬂ+1,’Y,6,€+1,SC,y)
€ k=0
-1
+y752(3704+k),2H2(04*2*k,ﬂ,’)’+1,5+1,6,$,y)7
k=0

HQ(O(,B + la%&ﬁ%?}) = H2(04a67%5§€§$ay)

l

+%ZHQ(OZJrLﬂJrk,%&ﬁL1;w,y),

k=1

HQ(O‘;B - la%&ﬁ%?}) = HQ(OGB/%(S;G;%?J)

-1
_EZHQ(Q'Flaﬁ_ka’)/)éae—’—17$)y)a

€ k=0

Hy(e, B,y +1,0;62,y) = Ha(e, B, 7,05 € 2,y)
l

+yd(a)-1 Y Hala— 1,8,y +k 6+ 1;61,y),
k=1
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HQ(OZ,B,’Y - l,5,€,$,y) = Hg(a,ﬂ,’y,5;e;x,y)
-1

- yé(a)—l ZHQ(Q - 1)677 - k55+ 1;6;1"9);
k=0

Hy(o, B,7,0 + 1565 2,y) = Ho(ov, 8,7, 65 €2, y)

l
+y7(a)*1 ZHQ(Q - 15/85’Y+ 156+ k;e;xvy)a
k=1

Hy(o, B,7,0 = l;e;2,y) = Ha(ov, 8,7, 65 €2, y)

-1
- y’Y(O‘)*l ZHQ(Q - 15/857+ 155 - k;e;xvy)a
k=0

HQ(O(,B,'Y,(S;G - l7$ay) = HQ(OGB/Y’(S;G;%?J)
-1

+$a62(2—e—l—k:)_gHg(a—i—1,B—|—1,7,5;e+1—kz;x,y).
k=0

3. Recursion formulas of Hs

In this section, we give some recursion formulas for the function Hs. We present
the recursion formulas for the function Hs about the parameter «, 5 and 7.

THEOREM 3.1.
H3(a+ 1, B;v;2,y) = Hz(a, B;v; 7, y)

l

2
+ %Z(a+k)H3(a+1+k,ﬂ;7+ 1:z,y)
k=1

1
+ @ZH3(a+k,ﬁ+1ﬁ+ 1;$ay)a
7=
Hs(a—1, B;v;2,y) = Hs(a, B;v; 2, )
-1
2x

5 (@ —k)Hs(a+1—k,B;v+ 1;z,y)

k=0

-1
k=0

H3(a, B+ 1;v;2,y) = Hz(a, B;7; 2, y)

l
(6%
k=1
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H3(a, B —1;v;2,y) = Hz(a, B;v; 2, y)

-1
«
—ZH3(CY+ 1aﬁ - ka’7+ 17$ay)a
k=0

HB(O()B;’Y _l7$)y) = H3(aaﬁa/77$ay)

1
+.’I](O{)2 (2_7—’—]{;)—2[{3(0‘—’—2)677—’—1_kaxay)
0

=
i

-1
+yaﬂZ(27’y+k),2H3(oz+ LB+Ly+1—kxy).
k=0

4. Recursion formulas of Hy

THEOREM 4.1. Recursion formulas for the function Hy are as follows:

Hy(a+1,5;7v,0;2,y) = Hy(o, B3, 0 2,y)
l
2
+ S @+ R Hi(a+ 14k, By +1,5:2,y)
k=1

l
yﬂz . .
+ 5 H4(a+k,ﬁ+1,’7,5+17-’1;,y),

H4(CY-Z,B,’Y,(S,(E,:U)ZH (Oé 6736‘% y)

__xz E)Hy(a+1—k,B;v+1,6;2,9)
7 =0

,_.

—Tﬁ a—k,ﬁ+177;5+17l‘ay)a
k

Hy(o, B+ ;7,6 3,y) = ( ¥, 052, y)

y
TZ wWa+1,8+k;v,0+1;2,y),

Hy(a, B —1;7,0;2,y) = Ha(o, 857,052, 9)

—%ZH4(04+1,ﬁ—k;%5+1;w,y),
k=0

Hy(a, By = 1,65 2,y) = Ha(o, 857,052, 9)

-1
+SC(O&>2 2(2 -7 + k>72H4(O‘ + 2aﬂa7+ 1- k,5;z,y),
k=0
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Hy(a, 57,0 = Lo, y) = Ha(o, By, 0;2,y)
-1
+yaBY (2=06+k) o Hila+ 1,8+ 157,60+ 1 — k;z,y).
k=0

5. Recursion formulas of Hy

THEOREM 5.1. The following recursion formulas hold true for the Horn hyper-
geometric function Hs:

Hs(a 41, B;v;2,y) = Hs(a, B5v;2,y)

l
+22(8)1 Y _(a+k)Hs(a+1+k, B —1;7;2,y)
k=1
5 l
%ZH5a+k,ﬁ+1w+1;w,y),
k=1

Hs(a — 1, B;v;2,y) = Hs(a, B;7; 2, )

~
I
-

—2x(B)-1 Y (a=k)Hs(a+1—-k,—1;v;2,9)
0

I
>
Il

1
Hs(oo =k, B+ 1,7+ L 2,y),
0

yB
Y

b
Il

Hs(o, B+ 1;v;2,y) = Hs(a, B;7; 2, y)

l
«
+yTZH5(a+1,ﬂ+k;7+1;w,y)
k=1

(3 /8 k) 2H5(Oé+2,/8*2+]€,’}/,$,y),

MN

—z()2

>
Il
=

Hs(o, B =l 2, y) = Hs(a, B57: 2, y)

-1
«
k=0

1
+:C( )2 (3 /8+k) 2H5(Oé+2,/8*2*]€,’}/,$,y),

>
Il
=)

Hs(a, By — Lix,y) = Hs(a, B;7; 2, y)
-1
+yaBd (2—v+k) 2 Hs(a+1,8+ Ly +1—kz,y).
k=0
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6. Recursion formulas of Hg

THEOREM 6.1. Recursion formulas for the function Hg are as follows:

He(a +1,8,7;2,y) = He(a, 8,7 %, y)

l
+2x(8)-1 Y (a+k)He(a+1+k B —1,7;2,y)

k=1
*yBVZ(?)*Oé*k)sze(a*2+k,ﬂ+1,7+1;x,y),

Hﬁ(a —1,5,7;%9) = H6(aaﬁa’7;$ay)

-1
—2z(8 12 EYHs(a +1 =k, —1,7v;2,y)
k=0
-1
+yﬁ72(3_a+k)—2H6(a_2_kaB+1a’y+17xay)a
k=0

He(o, B+ 1,v;2,y) = He(av, B,7; 7, y)
!
+yy(a Z sla—1,8+ky+1;2,y)

MN

=
Il

1

HG(avﬂ - l,’y,l',y) = HG(aa/Ba’y;xvy)
-1

—yy(a)-1 Y Hela—1,8— kv +1;2,y)
k=0

|
—

+:C( )2 (3 /8+k) 2H6(a+25/8727k5’y;x7y)5
0

>
Il

H6(aaﬁa’7+l;‘r’y) = H6(04a677;$ay)

l
+yﬂ(0&>71 ZH6(Q - 15/8+ 177+ k"rvy)a
k=1

H6(aaﬁa’7 - l;.’L‘,y) = H6(04,377;9Uay)
-1

—yB(e)1 Y Hela—1,8+ 1,7 —k;z,y).
k=0
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7. Recursion formulas of H~
In this part, we will present theorem about the recursion formulas of H7.

THEOREM 7.1. Recursion formulas for the function H; are as follows:

H7(a+1, 8,76 2,y) = He(a, B,7; 052, 9)
l
(a+k)Hr(a+1+Fk,B,7;0 + 1;2,y)
=1
l

L2
1)
k
*yﬂVZ(?ﬁOé*k)sz7(a*2+k,ﬂ+1,7+1;5;w,y),
k=1

Hy(a—1,8,v:0;2,y) = Hr(a, B,7; 65 2,y)

-1
2
*; (a —k)Hr(a+1—Fk,B,7;6 +1;2,y)
k=0
-1
+yﬂ’}/2(3*Oé+k),2H7(O[*2*]€,/6+1,’y+1,5,1',y)7
k=0

Hq(a, B+ 1,v;8;2,y) = He(o, B,7; 052, 9)

l
+yv(e) 1Y He(a—1,8+ky+1;6;2,y),
k=1

Hq(a, B —1,v;8;2,y) = He(a, B,7; 052, 9)
-1

- yly(a)—l ZH7(04 - 1;6 - ka’y + 1767$5y)a
k=0

He(o, 8,7+ 1652, y) = He(o, B,7; 02, y)
!

+yB(e) 1 Y Hela— 1,8+ 1,7+ k;6;2,y),
k=1

H7(a567’y - 1759:1’"9) = H7(a567’y;6;$5y)
-1

—yB(a)-1 ZHy(a - 1,841,y —k;dz,y).
k=0

H7(a567’y;6 - l,.T,y) = H7(aaﬁ7’y;6;xay)
-1
+ z(a)2 2(2 —0+k)oHr(a+2,8,7;0+1—k;z,y).
k=0
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