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RECURSION FORMULAS FOR H1–H7

HORN HYPERGEOMETRIC FUNCTIONS

Sarasvati Yadav and Geeta Rani

Abstract. We derive the recursion formulas for Horn hypergeometric func-
tions H1 to H7. These recursion formulas help us write these functions as a
combination of themselves.

Introduction

The Horn functions initially enumerated by Jakob Horn in 1931. They were
corrected by Borngasser in 1933. These functions are 34 distinct convergent hy-
pergeometric series of order two out of which 14 are complete series and 20 are
confluent series. The importance of Horn functions is supported by their basic role
in Complexity theory.

Recently, Opps et al. [1] have obtained some recursion formulas for F2 by the
contiguous relation of the Gauss hypergeometric series 2F1, and then applied the
relations to the radiation field problem. In [6], Wang has established recursion
formulas for Appell hypergeometric functions and in [3], Sahin and Agha have
obtained recursion formulas for G1 and G2. Also recursion is one of the central
ideas of computer science.

Here we construct various recursion formulas for Horn hypergeometric functions
H1–H7.

The Horn hypergeometric functions [4,5] H1–H7 are defined as follows:

H1(α, β, γ; δ; x, y) =
∞

∑
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∞
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H4(α, β; γ, δ; x, y) =

∞
∑

m,n=0

(α)2m+n(β)n

(γ)m(δ)n

xm

m!

yn

n!
,

H5(α, β; γ; x, y) =

∞
∑

m,n=0

(α)2m+n(β)n−m

(γ)n
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,

H6(α, β, γ; x, y) =

∞
∑

m,n=0

(α)2m−n(β)n−m(γ)n

xm

m!

yn

n!
,

H7(α, β, γ; δ; x, y) =
∞

∑

m,n=0

(α)2m−n(β)n(γ)n

(δ)m
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.

We recall that Gamma function is defined in [2] by

Γ(n) =

∫

∞

0
tn−1e−tdt, Re(n) > 0,

and the Pochhammer symbol (λ)n is given by

(λ)0 := 1 and (λ)n := λ(λ + 1) . . . (λ + n − 1) =
Γ(λ + n)

Γ(λ)
, n = 1, 2, . . .

Here we give seven sections to present the recursion formulas of Horn hypergeo-
metric functions H1–H7 with all parameters.

1. Recursion formulas of H1

Theorem 1.1. Recursion formulas for the function H1 are as follows:

(1.1) H1(α + l, β, γ; δ; x, y) = H1(α, β, γ; δ; x, y)

+
xβ

δ

l
∑

k=1

H1(α + k, β + 1, γ; δ + 1; x, y)

− yβγ

l
∑

k=1

(3 − α − k)−2 H1(α − 2 + k, β + 1, γ + 1; δ; x, y),

(1.2) H1(α − l, β, γ; δ; x, y) = H1(α, β, γ; δ; x, y)

−

xβ

δ

l−1
∑

k=0

H1(α − k, β + 1, γ; δ + 1; x, y)

+ yβγ

l−1
∑

k=0

(3 − α + k)−2 H1(α − 2 − k, β + 1, γ + 1; δ; x, y).

Proof. From the definition of the function H1 and transformation

(α + 1)m−n = (α)m−n

(

1 +
m

α
−

n

α

)

we can get the following relation:

H1(α + 1, β, γ; δ; x, y) = H1(α, β, γ; δ; x, y)(1.3)
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+
xβ

δ
H1(α + 1, β + 1, γ; δ + 1; x, y)

− yβγ(2 − α)−2 H1(α − 1, β + 1, γ + 1; δ; x, y).

By applying this relation to function H1 with the parameter α+2, we have

H1(α + 2, β, γ; δ; x, y) = H1(α + 1, β, γ; δ; x, y) +
xβ

δ
H1(α + 2, β + 1, γ; δ + 1; x, y)

−yβγ(1 − α)
−2 H1(α, β + 1, γ + 1; δ; x, y)

= H1(α, β, γ; δ; x, y) +
xβ

δ
[H1(α + 1, β + 1, γ; δ + 1; x, y) + H1(α + 2, β + 1, γ; δ + 1; x, y)]

−yβγ[(2 − α)
−2 H1(α − 1, β + 1, γ + 1; δ; x, y) + (1 − α)

−2 H1(α, β + 1, γ + 1; δ; x, y)].

If we compute the function H1 with the parameter α + l by relation (1.3) for l

times, we find the formula given by (1.1).
Replacing α by α-1 in the relation (1.3), we get

H1(α − 1, β, γ; δ; x, y) = H1(α, β, γ; δ; x, y)

−

xβ

δ
H1(α, β + 1, γ; δ + 1; x, y)

+ yβγ(3 − α)−2 H1(α − 2, β + 1, γ + 1; δ; x, y).

If we apply this relation to the function H1 with the parameter α − l for l times,
we obtain the recursion formula (1.2) similar to the proof of formula (1.1). �

Theorem 1.2. For the function H1, we have

H1(α, β + l, γ; δ; x, y) = H1(α, β, γ; δ; x, y)

+
xα

δ

l
∑

k=1

H1(α + 1, β + k, γ; δ + 1; x, y)

+ yγ(α)−1

l
∑

k=1

H1(α − 1, β + k, γ + 1; δ; x, y),

H1(α, β − l, γ; δ; x, y) = H1(α, β, γ; δ; x, y)

−

xα

δ

l−1
∑

k=0

H1(α + 1, β − k, γ; δ + 1; x, y)

− yγ(α)−1

l−1
∑

k=0

H1(α − 1, β − k, γ + 1; δ; x, y),

H1(α, β, γ + l; δ; x, y) = H1(α, β, γ; δ; x, y)

+ yβ(α)−1

l
∑

k=1

H1(α − 1, β + 1, γ + k; δ; x, y),

H1(α, β, γ − l; δ; x, y) = H1(α, β, γ; δ; x, y)
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− yβ(α)−1

l−1
∑

k=0

H1(α − 1, β + 1, γ − k; δ; x, y),

H1(α, β, γ; δ − l; x, y) = H1(α, β, γ; δ; x, y)

+ xαβ

l−1
∑

k=0

(2 − δ + k)−2H1(α + 1, β + 1, γ; δ + 1 − k; x, y).

Now, we present the recursion formulas for other Horn hypergeometric func-
tions. We omit the proof of the given below theorems.

2. Recursion formulas of H2

In this section we will present the recursion formulas of Horn hypergeometric
function H2 as follows:

Theorem 2.1.

H2(α + l, β, γ, δ; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

+
xβ

ǫ

l
∑

k=1

H2(α + k, β + 1, γ, δ; ǫ + 1; x, y)

− yγδ

l
∑

k=1

(3 − α − k)−2 H2(α − 2 + k, β, γ + 1, δ + 1; ǫ; x, y),

H2(α − l, β, γ, δ; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

−

xβ

ǫ

l−1
∑

k=0

H2(α − k, β + 1, γ, δ; ǫ + 1; x, y)

+ yγδ

l−1
∑

k=0

(3 − α + k)−2 H2(α − 2 − k, β, γ + 1, δ + 1; ǫ; x, y),

H2(α, β + l, γ, δ; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

+
xα

ǫ

l
∑

k=1

H2(α + 1, β + k, γ, δ; ǫ + 1; x, y),

H2(α, β − l, γ, δ; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

−

xα

ǫ

l−1
∑

k=0

H2(α + 1, β − k, γ, δ; ǫ + 1; x, y),

H2(α, β, γ + l, δ; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

+ yδ(α)−1

l
∑

k=1

H2(α − 1, β, γ + k, δ + 1; ǫ; x, y),
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H2(α, β, γ − l, δ; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

− yδ(α)−1

l−1
∑

k=0

H2(α − 1, β, γ − k, δ + 1; ǫ; x, y),

H2(α, β, γ, δ + l; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

+ yγ(α)−1

l
∑

k=1

H2(α − 1, β, γ + 1, δ + k; ǫ; x, y),

H2(α, β, γ, δ − l; ǫ; x, y) = H2(α, β, γ, δ; ǫ; x, y)

− yγ(α)−1

l−1
∑

k=0

H2(α − 1, β, γ + 1, δ − k; ǫ; x, y),

H2(α, β, γ, δ; ǫ − l; x, y) = H2(α, β, γ, δ; ǫ; x, y)

+ xαβ

l−1
∑

k=0

(2 − ǫ + k)−2 H2(α + 1, β + 1, γ, δ; ǫ + 1 − k; x, y).

3. Recursion formulas of H3

In this section, we give some recursion formulas for the function H3. We present
the recursion formulas for the function H3 about the parameter α, β and γ.

Theorem 3.1.

H3(α + l, β; γ; x, y) = H3(α, β; γ; x, y)

+
2x

γ

l
∑

k=1

(α + k)H3(α + 1 + k, β; γ + 1; x, y)

+
yβ

γ

l
∑

k=1

H3(α + k, β + 1; γ + 1; x, y),

H3(α − l, β; γ; x, y) = H3(α, β; γ; x, y)

−

2x

γ

l−1
∑

k=0

(α − k)H3(α + 1 − k, β; γ + 1; x, y)

−

yβ

γ

l−1
∑

k=0

H3(α − k, β + 1; γ + 1; x, y),

H3(α, β + l; γ; x, y) = H3(α, β; γ; x, y)

+
yα

γ

l
∑

k=1

H3(α + 1, β + k; γ + 1; x, y),
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H3(α, β − l; γ; x, y) = H3(α, β; γ; x, y)

−

yα

γ

l−1
∑

k=0

H3(α + 1, β − k; γ + 1; x, y),

H3(α, β; γ − l; x, y) = H3(α, β; γ; x, y)

+ x(α)2

l−1
∑

k=0

(2 − γ + k)−2 H3(α + 2, β; γ + 1 − k; x, y)

+ yαβ

l−1
∑

k=0

(2 − γ + k)−2 H3(α + 1, β + 1; γ + 1 − k; x, y).

4. Recursion formulas of H4

Theorem 4.1. Recursion formulas for the function H4 are as follows:

H4(α + l, β; γ, δ; x, y) = H4(α, β; γ, δ; x, y)

+
2x

γ

l
∑

k=1

(α + k)H4(α + 1 + k, β; γ + 1, δ; x, y)

+
yβ

δ

l
∑

k=1

H4(α + k, β + 1; γ, δ + 1; x, y),

H4(α − l, β; γ, δ; x, y) = H4(α, β; γ, δ; x, y)

−

2x

γ

l−1
∑

k=0

(α − k)H4(α + 1 − k, β; γ + 1, δ; x, y)

−

yβ

δ

l−1
∑

k=0

H4(α − k, β + 1; γ, δ + 1; x, y),

H4(α, β + l; γ, δ; x, y) = H4(α, β; γ, δ; x, y)

+
yα

δ

l
∑

k=1

H4(α + 1, β + k; γ, δ + 1; x, y),

H4(α, β − l; γ, δ; x, y) = H4(α, β; γ, δ; x, y)

−

yα

δ

l−1
∑

k=0

H4(α + 1, β − k; γ, δ + 1; x, y),

H4(α, β; γ − l, δ; x, y) = H4(α, β; γ, δ; x, y)

+ x(α)2

l−1
∑

k=0

(2 − γ + k)−2 H4(α + 2, β; γ + 1 − k, δ; x, y),
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H4(α, β; γ, δ − l; x, y) = H4(α, β; γ, δ; x, y)

+ yαβ

l−1
∑

k=0

(2 − δ + k)−2 H4(α + 1, β + 1; γ, δ + 1 − k; x, y).

5. Recursion formulas of H5

Theorem 5.1. The following recursion formulas hold true for the Horn hyper-

geometric function H5:

H5(α + l, β; γ; x, y) = H5(α, β; γ; x, y)

+ 2x(β)−1

l
∑

k=1

(α + k)H5(α + 1 + k, β − 1; γ; x, y)

+
yβ

γ

l
∑

k=1

H5(α + k, β + 1; γ + 1; x, y),

H5(α − l, β; γ; x, y) = H5(α, β; γ; x, y)

− 2x(β)−1

l−1
∑

k=0

(α − k)H5(α + 1 − k, β − 1; γ; x, y)

−

yβ

γ

l−1
∑

k=0

H5(α − k, β + 1; γ + 1; x, y),

H5(α, β + l; γ; x, y) = H5(α, β; γ; x, y)

+
yα

γ

l
∑

k=1

H5(α + 1, β + k; γ + 1; x, y)

− x(α)2

l
∑

k=1

(3 − β − k)−2 H5(α + 2, β − 2 + k; γ; x, y),

H5(α, β − l; γ; x, y) = H5(α, β; γ; x, y)

−

yα

γ

l−1
∑

k=0

H5(α + 1, β − k; γ + 1; x, y)

+ x(α)2

l−1
∑

k=0

(3 − β + k)−2 H5(α + 2, β − 2 − k; γ; x, y),

H5(α, β; γ − l; x, y) = H5(α, β; γ; x, y)

+ yαβ

l−1
∑

k=0

(2 − γ + k)−2 H5(α + 1, β + 1; γ + 1 − k; x, y).
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6. Recursion formulas of H6

Theorem 6.1. Recursion formulas for the function H6 are as follows:

H6(α + l, β, γ; x, y) = H6(α, β, γ; x, y)

+ 2x(β)−1

l
∑

k=1

(α + k)H6(α + 1 + k, β − 1, γ; x, y)

− yβγ

l
∑

k=1

(3 − α − k)−2 H6(α − 2 + k, β + 1, γ + 1; x, y),

H6(α − l, β, γ; x, y) = H6(α, β, γ; x, y)

− 2x(β)−1

l−1
∑

k=0

(α − k)H6(α + 1 − k, β − 1, γ; x, y)

+ yβγ

l−1
∑

k=0

(3 − α + k)−2 H6(α − 2 − k, β + 1, γ + 1; x, y),

H6(α, β + l, γ; x, y) = H6(α, β, γ; x, y)

+ yγ(α)−1

l
∑

k=1

H6(α − 1, β + k, γ + 1; x, y)

− x(α)2

l
∑

k=1

(3 − β − k)−2 H6(α + 2, β − 2 + k, γ; x, y),

H6(α, β − l, γ; x, y) = H6(α, β, γ; x, y)

− yγ(α)−1

l−1
∑

k=0

H6(α − 1, β − k, γ + 1; x, y)

+ x(α)2

l−1
∑

k=0

(3 − β + k)−2 H6(α + 2, β − 2 − k, γ; x, y),

H6(α, β, γ + l; x, y) = H6(α, β, γ; x, y)

+ yβ(α)−1

l
∑

k=1

H6(α − 1, β + 1, γ + k; x, y),

H6(α, β, γ − l; x, y) = H6(α, β, γ; x, y)

− yβ(α)−1

l−1
∑

k=0

H6(α − 1, β + 1, γ − k; x, y).
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7. Recursion formulas of H7

In this part, we will present theorem about the recursion formulas of H7.

Theorem 7.1. Recursion formulas for the function H7 are as follows:

H7(α + l, β, γ; δ; x, y) = H7(α, β, γ; δ; x, y)

+
2x

δ

l
∑

k=1

(α + k)H7(α + 1 + k, β, γ; δ + 1; x, y)

− yβγ

l
∑

k=1

(3 − α − k)−2 H7(α − 2 + k, β + 1, γ + 1; δ; x, y),

H7(α − l, β, γ; δ; x, y) = H7(α, β, γ; δ; x, y)

−

2x

δ

l−1
∑

k=0

(α − k)H7(α + 1 − k, β, γ; δ + 1; x, y)

+ yβγ

l−1
∑

k=0

(3 − α + k)−2 H7(α − 2 − k, β + 1, γ + 1; δ; x, y),

H7(α, β + l, γ; δ; x, y) = H7(α, β, γ; δ; x, y)

+ yγ(α)−1

l
∑

k=1

H7(α − 1, β + k, γ + 1; δ; x, y),

H7(α, β − l, γ; δ; x, y) = H7(α, β, γ; δ; x, y)

− yγ(α)−1

l−1
∑

k=0

H7(α − 1, β − k, γ + 1; δ; x, y),

H7(α, β, γ + l; δ; x, y) = H7(α, β, γ; δ; x, y)

+ yβ(α)−1

l
∑

k=1

H7(α − 1, β + 1, γ + k; δ; x, y),

H7(α, β, γ − l; δ; x, y) = H7(α, β, γ; δ; x, y)

− yβ(α)−1

l−1
∑

k=0

H7(α − 1, β + 1, γ − k; δ; x, y).

H7(α, β, γ; δ − l; x, y) = H7(α, β, γ; δ; x, y)

+ x(α)2

l−1
∑

k=0

(2 − δ + k)−2 H7(α + 2, β, γ; δ + 1 − k; x, y).
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